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(o+lt)

‘with dertvdtion;-” q = Uf -..a “-&te;ded on Au to act. is ‘31(uf If XCL,—.

x= (x,, .“..), we denote ‘-”’----—- ‘-– “- - ““““ –
— . .... ----- .. ... .....-— — —-------------——. ... ..

-.—. — . . ..._ .— --. .——-— . . . . . .. .. . .
-. —-. .—. .- .—-———.—. —...——.- .— -- ..-. . .

<u,x>:—-. .. = ‘Uixf-’- -–— ---- ---- -- ---- — .-. (1.1)

—. . . ...—.-- . .. . . . .. . . . ..— ..-— ——.- .. ___ . --- .—.
—- —.- ---- ..- ——-------- -.-. —-- .-—-.. .. .. . . ----

‘-Definltlon1,2. A derivation-V;Au.4u is Called evolutionary if [V,3L] = O,

.L ~ ,*..+:..;-m: - ——.. .—-_— —_ . .
. ---- —- . .

..- .-.

action on Ui’s only: V(up) =
.. .

- Note that V(Im9$61mgjand V Is defined by Its

#W,).-’”:.- ----.-
.-.. .

Define then!atrix BeAu[[21”,..~lac]] by

.. —---- .. . . . . .
. . . . . .

<u.X*Y>m XtBY,~X,Y6L, . - (;.3)

From (1,3),“transpose” and eletwnts of L arewh?re

(0.1)

“t” mans understock as vectors.

we get

(-1)
k ,C

● a
1

-.
.. . . . . .

whcru ;ol
. .

.
.

vector $ s dcflncdfin! ly, we need “fumit.~n~l derlvatlves,”

...-
.-

. .
. . . . .

6P
● ‘~ (+-(-+;)-) ,-. ~ . -G, -

G au, . -

,...— -
(1,5)

. . .. . . . . . . . .... . ... .... ..

..-
. .. . .

.- . . ... . - . . .

.-
t

. - -. . ..,..,.
~~ set .!$9 (~.~) , .. .. .. . ... . . .

.. ., “6 . “--.’” .- . . . .. . . . . . .

.- .,. . .. . .-. . . . . . . .. . . . . ..” --- -, .-. . . . . .
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. — ———.—— ..— _ ——. — .
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Propos~tlon”l;6. The &tfix”E is skew-adjoin: iff mu~tiplication in L is—.

skew-commutative.
——— .-..-—— -... . .-. —— --------- ----

—. —-....—-—-—— -— ---------

2. Thereafterwe assume B (and L) to be skew. The matrix B generJtes a map
..

I’.=B6 fromAu lntO Sev(Au) (= evolution derivations of Au) by
..— — . ——- -- .-. .—-. - —.—- .—. .. .- - .--—

.—— —— .—. -—- ..——-—. —- —.----- ------
-. ‘“”– XH(Ut) w ~ 8ij(~) ,VIi~Au .-----

-—- . . .
4’ d

. .-—
d. . . . . -.— --- ..—. —. .-— ..- . .

Mewill write XH-.
.-..

..-

. .

...-

Lenma 2.2.

.B6y
6G ‘--–---–-’-—- -

--

. . . -..— .-. . .

For tinyP, C)cAu, ------
-. . . - . - - . . .

—-

where the Frechet derivative D(R), ~IC(Au)ti, is d matrix (differential operator)

defined by

D(~)V; = i’(~),~VLLev(Au) , (2.3)

see e.g., [2j, Ch. 1.

The proof is a straightforward ana

Ch, 1 of [2]. . .

Remark.2,4, one can make Au

(P,J: ● XP(Q), It is Cu J to SPc

09 of the co~putations fn the lemma 7.14,

into an al$ebr~ using the Poisson brac,et

;’{$’thdt,VP,Q,RcA ip,iQ,R;! + c.p, : 0 ;ftu*
Hdfiiltonien,that 1s, X, “ [XP,XQI,V,OLAU. .;P,Qj.

.Aow I can formul~tc the main result,
. .

Theor&l 2,5.

The proof fol’

. .

1’1s HamiltoniJn iff L 1S a Lie a gcbfa,

owi from Iew] 2,2, ““
. .

.
Remark 2 6 in the ca5eL (S on ordinarY L+ea]rjebra, 8ij w ~ C~jUk.—.- —.,4 and the

. k

equ~tions of trdjcctorioz of thu f;cld X}{,}ILS(L)G’’C’(L*)”,ara fJltll-lidr
,---- .... ..-.,-.,.-.,. ... . .... ............ . ... . .. . .

.--. ,. ........ .... .... ...... .... ... .. . .-, ., . .
—.— .—— -— .—. -—— ---—- — .— .- - -- - . -

,. . .. . . .....
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--——. -.

-.. ...— —.. .-— .—— - —___ ... ----
-.. —— —.— .. ___ . .

k ~ . .. . . . . . . . . . . . . . . -. . . . .;,

= “’kcij au,
(2.7).—-. —- —— —.

.- -—-. . .

Thus XH is tangent to the

(whose Lie algebra is L).

“orbits” Is meaning’ess.
.

alternative would be either tight restrictions of the “compactness” tyPe or

—
orbits of the coadjoint representation of a “9rOUP G“

“In the general differential situation, the notion of

‘That Is wtsyone need: to work algebraically. (The

pyramids of functional analyses,) -~. “ - ._

As acorollary,from the theorem 2.5 one g-ts

~osition 2.8. Thcmnp&L+Dev(Au), LsW+X-<U,Y>, is a Lie algebr~hommmhfsn’

(assuming L is a Lfe algebra). ‘“. ---

3. Denote by L(s) ● {XcLIXi =0, 1 s s} . Consider the matrix Bs defined by.

8

B;i = ~ (-])l”las.u-ck “*iv, I,j>s
k ij,a,v

(3.1)
.

k>s;~,v

~ojit{on 3.2.

depend ~Qon Ui with i

Subalqebra in L.

4. Suppose 1, =

map alven by a line~r

The matrix Bsdefines a Hamlltonlan structure (l.@., l; H,F

z s tha;lthe satr%is true for (H,F)) iff L(s) is a Lie

*M \,~ ~
,-* is another alqebra over~, and iet $:L-L, is a

differential ouerator. Denote by Av ● A[vJ‘v)], jSM, the

differenti~l alyebra which plays for L, the same role as Au plays for L. we c~n

. ..-

(2) <$’u,x> : <u,${x)>, VhcL, ‘“.-... .. . . . . (6.1)

. .. . .

su~po~c L and L1 are Lie algcl~ras,thus corrc~vondiny matrices t3udnd Btidcfiw

HamiltoniJn structures. We $Jy tha:.,* is canonlctl !f i’u(t*F) iS t*-compJtibl@. ——

With rv(F/,’~F~Avlscemotivations In [1], ’Ch. IV), “ .------ .... ...... .. .
-.. . . .. .. . ... .... ...... .. . . .. . . .- .......,..,_, .. ...

----- ----- -. ...- .. -,,.- .. ___ ----- . ..-. . ... . ..----- .. ---- .. ..
‘— .. ---- . . . . . . . . . _, ------- . . . . . . . . . . . . . .. . .. . . . . . . . .

..!,.., ,..



—_ — —— —

— — .—----—.

——— —____ ._

Proposition 4.2. $’ 1s canonical iff $ Is a Lie tlgebra homomorphism.-..—

‘“5. Consider some examples-. ‘- ‘--‘-”’ - “-” ““--““..—.— .-..—.. _. . . ..—.- —.

‘“-”” 5.1. Let A[c] = ~~ -a~Cu lafl~A,Co: }= E~l... j,m be a rin4 af differential

..

-.. . jalt”#--” --””””- ““-: _“ . “

operators and A[[,(-l] the cor~espongi”ngring of pseudc-differential-operztors.

“For the Lie dl(Jebrii generated by elements of AIC,L-l] of negatfve order, col--

responding matrix B (for m ■ 1) WS introduced by Iianin([2], Ch. I) as a formal
. -.

llmlt of Gel’fand-Dikil op&~tOrs. The Lie-algebraic interpretation of mat

nutrlx (form= 1) was given-in [3].---”” - ““ - - “-

--

. .

-.

- 6.2. Consider

{,=... =~=o.

following algeb~’aic

The bracket on L is

.

C=@b) = C-(Z,E) and its localization around subspace

The-usual Poissw”brdcket onR 2m : T“($tm) lead; ti”the

-w “--”” - ‘“’” -

. ..- -.

given by .-—--... -
.- .

[OLX03JYT) - TLYTai(Yo)] ,
.

-. .-..

thus the Corre:oonding HamiltonIan rutrix B is

m — .- -- ..

—

(5.1)

(5.4)

Th(G rr~trixappears in m-~ hydrodynamics. F6r m= 1 Ituas introduced in [~];

its Liu-~lgcbraic interpretation 1S g{,cn in [S] (for m = 1).... .

Sm$m Inflr*’ ● ((x,C1,”..:;”~P) consfder the Lie dlqehrd of functionz on

IRr”, w
.-.

-..
..

i?

,.-., .—
Lh the bracket --- . . - . . . . . -. ...

-- . ...-. . ,. .,.

T .- .’ .’ -’ --

(5.5)

----- —. ..- . . .... . . . . .. . . . . ...—. . ..----- . . .. . .. . .
----

LocJlizdtlon to the’lini-~”-~’ti’ii~d$’:~ the alq~br’,l-~”~
{z ~XWL$J~~i:AJWl,31=3/:s:

--- -. . - _.._.-._ .... - -- ._ ----_ ., .,- -,~nL&-_.-.
h . . ....

.. .’,. . ’1:-...., : 1! : . 0 I . .!
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——. .. ——. -

.— -.—. _.— —_ ...- — -.. —-- -----
---- .

Lie bracket - _-._. ._ _.—____ _. .
.. -.

— .-..-...-—

—--

uith

(X*Y)$ - ~ (aydyxa~yb -;bydyya~xb), a,W~
.,, ..a+D=Y’Y ---- -----.. .

The corresponding mdtrix B Is”given by” -.—— ..-.
..—.— -— ---- -. .-.-. —.-— .-..—.

— . .--—. . . .
.

r
. ... ..- . .

. .. .. . ..——. . .
($ydyue+$., a + 3$ d u ) ,

Y ----- Y .I*+*-’Y

. . .

“w=2
...— ycl

. -..

which 1s the multicomponent (for r > 1) generalization uf the m =1-case (5.4).

5.9, In~n+p with coordinates (yl. .... YP;X 1*...*Xn) consider Lie algebra

~ consisting of those vector fields XcS(Ul‘p) which comnute with j$-, q = 1, .... p.
~

Thealgebrdic version of ?.would be”theLiealgara@A) ~~, Art-acting on

A[Y,, ....Y
2

as f.derivations.The corresponding matrix C nowqyle~ds Poisson

-...bracket

Pn

(F,Gj ●

q--l ~al

+ (5,10)
e.1 fm’

whfch appeared in [6]

fluid.

.

(for n=l, p-2) in the context of hya’rodyndmicsof compressible
-----
. .

5.11. on ~@2) CCnSfdeP Lfe elgebra structure [f,g] = (:I[~&~

~ (Xn:’f,n
. . . . .

(X*Y)k “ dk -.Ym3xn),a ● a/3Xma1 , . -
. -n~}-k - - .............- . - .--- .

-. . . - . - .-.__. ......... ... .. .. .-— --—.- .

(5,12)

-..- —..———.— —— -—— --—— ———— ----- . -

:,.’.”. . .



--- —. .
{“’

—— -_ ._— ._—. —.. __ . . _. .

.—

where dk = ak + B, and U,B&- are arbitrary. The corresponding matrix B[7]

.—.— .-..— ..-_ _____ _______ ____ ..... ,__... . . ..
—.-—— ..— — _. ,.-...— —._ _____ ..- ..__._. _ ...

- ‘ij = ‘i”i+ja + adjui+j”–—–-” “— “--” ‘---”-- -
.-. .

. .-.—_. .-_- .._.._- .. . ____ .. .
—— -—-- ...__ ..._-_______ ._ -.. ----

is the m?in source of integrable systems i~ two-space dimensions. Classification..-— .._ . .._._. . ._ ..__ .

table of such systems (see, e.g. {7]) i smoothly upon (U:5)C~P1. Oespite of
. .. .._____ ..__ ._ . .. . .. . . . . .

-this, cm can prove the following ——.- ....–.........___ --

(5.13)

Theorem 5.14 The Lie algebra L with multiplication (5.12) admits a nonzero ad--. -.. ..... ... . . . _,

invariant (modulo Ima), bilinear {differential) form (not necessarily symnetric)
----- .— .——_—_- .

iff&z.’ -:”:::” -”- “._,__ __-_-_._ -—--_-..;:---:- ._:” _“ -
a“-— .— -———— . — __ .—- . _ _ . — ..-— — —. - .— -...-.. ..

-.-—.. .---- ..—-.— —. — .--—— ___ ---- .
_.....-_.

.(x,y)i- ~------- ----------- . . . ,__ - -
.xi Ye..-------- -. . . . . _..- . . . . . . . . . . (5.15)

-. . ..- ..-. l+j+35a-~=0 ._._. .. . . . . .. . .. . -__. .
--

6. Remark. The existence o? Hamiltonlan structures on dual spaces 01 Lie

algebras is not the privilege of the differential case only. Analogous results can

be found: a) when one substitutes commuting automorphisms Al, .... Am:A-.A instead

of derivations, as in [8]; b)”’and~oreover, when both derivations and autcmorpnisrx

are present. The correspondingmatrices 8 behave naturally with respect to
.-

“continuum limits” AL+exp(kag)[Sj. Details will be given elsewne~e.

and the Structure of Laqrangian
Ilath.#775 (1960), 162-21d, .

----- . . . . . . . . . .
. ... . . . . .
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